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a
tio

n
a
ry

P
ertu

rba
tio

n
S
pectru

m
–

W
h
y

th
e

E
a
rly

U
n
iverse

M
a
tters

T
h
e

U
n
ifo

rm
A

p
p
ro

x
im

a
tio

n

•T
o

solve:
d
2w

/d
x

2−
[u

2f(x)
+

g(x)]w
=

0

•Form
of

approxim
ation

depends
on

#
and

nature
of

transition
points

(=
zeros

or
turning

points
x

0
and

singularities)
of

f(x)

•
Singularity

leads
to

W
K

B
-like

solution

•
In

case
of

interest
u

2f(x)
+

g(x)→
k

2−
[ν

2(η)−
1/4]/η

2

⇒
turning

point
and

singularity

•
Introduce

new
variables

ζ
and

W
:

ζ (
d
ζ

d
x )

2

=
f(x),

w
=

(
d
ζ

d
x )

−
1
/
2

W

⇒
23
ζ
3
/
2

=
∫

xx
0
f

1
/
2(t)d

t
for

x
≥

x
0 ,

23 (−
ζ)

3
/
2

=
∫

xx
0 [−

f(t)] 1
/
2d

t
for

x
≤

x
0

⇒
d
2W

/d
ζ
2

=
[u

2ζ
+

ψ
(ζ)]W

w
ith

ψ
(ζ)

=
5

1
6
ζ
2

+
[4f(x)f

′′(x)−
5f

′2(x) ]
ζ

1
6
f
3
(x

)
+

ζ
g
(x

)
f
(x

)

•
E

ssence
of

aproxim
ate

procedure:
in

first
order

disregard
ψ

(ζ)

⇒
Solution

can
be

w
ritten

in
A

i-
and

B
i-functions
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rba
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m
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W
h
y

th
e

E
a
rly

U
n
iverse

M
a
tters

•
Solution:

w
1 (u

,x)
=

(
f
(x

)
ζ

)
−

1
/
4[B

i(u
2
/
3ζ)

+
ε
1 (u

,x) ],

w
2 (u

,x)
=

(
f
(x

)
ζ

)
−

1
/
4[A

i(u
2
/
3ζ)

+
ε
2 (u

,x) ]

w
here

|ε
1 (u

,x)|≤
E

(u
2
/
3ζ)M

(u
2
/
3ζ)/λ [exp {

λV
a

,x
(H

)
u

}
−

1 ]

|ε
2 (u

,x)|≤
E

−
1(u

2
/
3ζ)M

(u
2
/
3ζ)/λ [exp {

λV
x

,b
(H

)
u

}
−

1 ]

E
rror-C

ontrol-Function:
H

(x)
=

∫
xx
0 [

1
|f| 1

/
4

d
2

d
x
2 (

1
|f| 1

/
4 )

−
g

|f| 1
/
2
−

5|f| 1
/
2

1
6|ζ| 3 ]

d
x

E
,
M

,
λ

auxiliary
functions

of
A

i-
and

B
i-functions

C
ase

of
pure

singularity

•
Solution:

w
1 (x)

=
f
−

1
/
4(x)exp {∫

f
1
/
2(x)d

x }
{1

+
ε
1 (x)}

w
2 (x)

=
f
−

1
/
4(x)exp {−

∫
f

1
/
2(x)d

x }
{1

+
ε
2 (x)}

w
ith

|ε
j (x)|≤

exp {
12 V

a
j,x (F

) }
−

1
(j

=
1,2)

F
(x)

=
∫ [

1
f
1

/
4

d
2

d
x
2

1
f
1

/
4
−

g
f
1

/
2 ]

d
x

IM
P

O
R
T
A

N
T

:
In

order
forV

(F
)

to
converge

at
an

endpoint
singularity

w
e

have
to

choose
g(x)

=
−

1
4
x
2
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a
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U
n
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M
a
tters

O
u
tlin

e

•
P

ick
f(x)→

f
S (η)

=
ν
2
(η

)
η
2

−
k

2,
g(x)→

g
S (η)

=
−

1
4
η
2 ,

u
=

1

•
C

alculate
the

unnorm
alized

solution
for

u
k

on
the

left

and
right

of
the

turning
point

•
T
ake

the
lim

it
−

k
η
→

∞
and

norm
alize

u
k

to
desired

vacuum
state

N
otice:

U
sually

one
picks

B
unch-D

avies
vacuum

u
k
→

e
−

i
k

η
√

2
k

but
one

could
pick

also
other

vacuum
states

⇒
T
rans-P

lanckian
E

ffects

•
T
ake

lim
it

k
η
→

0 −
,
regim

e
of

interest
for

pow
er

spectrum

R
ecover

W
K

B
-form

of
solution

•
C

alculate
pow

er
spectra

and
spectral

indices

•
C

alculate
error

bounds
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n
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M
a
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•
From

f
S (η)

=
ν
2
(η

)
η
2

−
k

2
find

turning
point

at
k

2
=

ν
2S
/η

2

•
F
ind

solution
on

the
left

and
the

right
of

turning
point

•
U

nnorm
alized

solution
u

(1
,2

)
k

<>
(η)

=
ζ
1
/
4

<>
(η)[f

S (η)] −
1
/
4
A

i (1
,2

)[ζ
<>
(η)]

w
ith

ζ
<>
(η)

=
∓

{±
32 ∫

η̄
S

η
d
η
′[∓

f
S (η)] 1

/
2 }

2
/
3

•
G

eneral
solution

u
k

=
A

u
(1

)
k

+
B

u
(2

)
k

•
F
ix

A
and

B
ensuring

that
u

k (η)
=

(1/ √
2k)e −

ik
η

in
the

lim
it

k
→

∞
⇒

A
=

√
π
/2

,
B

=
−

i √
π
/2

•
For

pow
er

spectrum
:

k
η
→

0 −
lim

it,
sim

plifies
u

k (η)
a

lot

•
u

k (η)
k
η→

0
−

=
−

i √
−

η
ν

S
(η

) exp (∫
ηη̄
S

d
η
′ √

f
S (η) )
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pectru

m
–

W
h
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e

E
a
rly

U
n
iverse

M
a
tters

R
e
su

lts

•
P
ow

er-Spectrum
:

P
S (k)≡

(k
3/2π

2)|
u

k
(η

)
z
(η

) | 2
=

k
3

4
π

2
1

|z
(η

)| 2
−

η
ν

S
(η

) exp (2 ∫
ηη̄
S

d
η
′ √

f
S (η

′) )

•
Spectralindices:

n
S (k)

=
1

+
d

ln
P

S
(k

)
d

ln
k

=
4

+
2

ν
S
(η̄

S
)k

|η̄
S
|

∫
ηη̄
S

d
η
′

√
f

S
(η

′) ,

n
T
(k)

=
d

ln
P

T
(k

)
d

ln
k

=
3

+
2

ν
T

(η̄
T

)k
|η̄

T
|

∫
ηη̄
T

d
η
′

√
f

T
(η

′)

η̄:
calculated

at
turning

point

•
T
o

obtain
local

expression
for

n
S ,

n
T
:

further
approxim

ation

•
Integrand

has
square-root

singularity
at

η̄,
vanishes

linearly
at

upper
lim

it
η

⇒
D

om
inant

contribution
from

η̄
⇒

T
aylor

expansion
of

ν
2(η)

around
η̄

n
S (k)

=
4
−

2ν
S (η̄

S ) [1
−

(1
−

π2 )
ν
′S
(η̄

S
)

ν
S
(η̄

S
) η̄

S ]

n
T
(k)

=
3
−

2ν
T
(η̄

T
) [1

−
(1

−
π2 )

ν
′T
(η̄

T
)

ν
T

(η̄
T

) η̄
T ]
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e

E
a
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U
n
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M
a
tters

C
o
m

p
a
riso

n
w

ith
S
lo

w
-R

o
ll

•
Introduction

of
slow

-roll
param

eters:

ε≡
−

ḢH
2 ,

δ
≡

−
φ̈

(H
φ̇
) ,

and
ξ
2
≡

(ε̇−
δ̇
)

H

⇒
z
′′

z
=

2a
2H

2 (1
+

ε−
32
δ−

12
εδ

+
12
δ
2

+
12
ξ
2 )

,
a
′′

a
=

2a
2H

2 (1
−

12
ε )

•
E

xpand
ν

S ,
ν

T
,
η
ν
′S ,

η
ν
′T

in
slow

-roll
param

eters

⇒
n

S (k)�
1
−

4ε
0

+
2δ

0
+

2 (
1
73
−

π )
ε
0 δ

0 −
2 (

2
03
−

π )
ε
20 −

2 (
43
−

π2 )
ξ
0
2

n
T
(k)�

−
2ε

0 −
2 (

2
34
−

π )
ε
20

+
2 (

1
43
−

π )
ε
0 δ

0

•
Standard

slow
-roll

expressions:

⇒
n

S (k)�
1
−

4ε
+

2δ
+

(6
+

10C
)εδ−

8(C
+

1)ε
2−

2C
ξ
2

n
T
(k)�

−
2ε−

2(3
+

2C
)ε

2
+

4(1
+

C
)εδ

C
=

−
2

+
ln

2
+

γ
�

−
0.73

•
N

otice:
slow

-param
eters

are
calculated

at
different

points
(→

E
.
Stew

art)

•
O

ur
results

correspond
to

a
resum

m
ation

of
the

slow
-roll

expansion

to
all

orders!
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pectru

m
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W
h
y

th
e

E
a
rly

U
n
iverse

M
a
tters

E
x
a
m

p
le

:
ν
=

C
o
n
sta

n
t

•
ν=

const.
includes

different
inflationary

m
odels,

e.g.
pow

er-law
inflation,inflation

near
the

m
axim

um

•
A

dvantage:
exact

results
are

available

•
P
ow

er-Spectrum
:

P
e
x

S
=

1π
3 2

2
ν

S −
3Γ

2(ν
S )k

2(−
k
η) −

2
ν

S
+

1 (
Ha
φ̇ )

2

n
S

=
4
−

2ν
S
,

n
T

=
3
−

2ν
T

•
U

niform
approxim

ation:

P
e
x

S
(k)

=
2
2

ν
−

2

π
2

e −
2
νν

2
ν−

1 (
Ha
φ̇ )

2

(−
k
η)

1−
2
νk

2 (1
+

1
6
ν

S
+

1
7
2
ν
2S

+
··· )

P
1S (k)

=
2
2

ν
−

2

π
2

e −
2
νν

2
ν−

1 (
Ha
φ̇ )

2

(−
k
η)

1−
2
νk

2

P
2S (k)

=
2
2

ν
−

2

π
2

e −
2
νν

2
ν−

1 (
Ha
φ̇ )

2

(−
k
η)

1−
2
νk

2 (1
+

1
6
ν

s )

Spectralindices
exact

already
in

leading
order!

•
E

rror
bounds:|ε

1
,2 |≤

√
2 (

1
6
ν

S
+

1
.0

4
7
2
ν
2S

+
··· )

•
Slow

-roll
approxim

ation
gives

only
expanded

version
of

spectralindices
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n
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M
a
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P
o
w

e
r

S
p
e
ctru

m
fo

r
P
o
w

e
r-L

a
w

In
fl
a
tio

n

•
E

xpansion
param

eter
evolves

like
a(t)∼

t
p

⇒
ν

S
=

32
+

1
1−

p

Slow
-roll

expansion:
expansion

in
ε

=
δ

=
1p

P
S

R
S

(k)
=

H
4

4
π

2
φ̇

2 [1
−

2(c
+

1)
1p

+
(2c

2
+

2c−
5

+
π

22
)

1p
2 ]

⇒
Slow

-roll
good

for
large

p,
here

p
=

2

5
6

7
8

9
10

k

0

0.01

0.02

0.03

0.04

P(k)

E
xact S

olution
U

niform
 A

pproxim
ation, 1. O

rder
U

niform
 A

pproxim
ation, 2. O

rder
S

low
-R

oll A
pproxim

ation, 1. O
rder

S
low

-R
oll A

pproxim
ation, 2. O

rder
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e

E
a
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U
n
iverse

M
a
tters

E
x
a
m

p
le

in
P

ro
g
re

ss

•
C

haotic
Inflation,

V
(φ)

=
m

2φ
2

•
Im

portant
for

pow
er

spectrum
:

R
(t)

=
u

k (t)/z(t)

300
320

340
P

hysical T
im

e t

−
6e−

42

−
2e−

42

2e−
42

6e−
42

 R (t)

U
niform

 A
pproxim

ation
E

xact S
olution
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M
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C
o
n
clu

sio
n

a
n
d

O
u
tlo

o
k

•
N

ew
approxim

ation
for

calculating
pow

er
spectra

and
spectralindices

•
C

ontrolled
error

bounds

•
System

atically
im

provable

•
G

eneralize
error

form
ulae

for
ν
�=

const.

•
Investigate

second
order

•
A

pproxim
ation

for
background

equations

•
N

um
erical

exam
ples

•
D

evelop
code

to
generate

n
S (k),

n
T
(k)

for
arbitrary

m
odel→

C
M

B
FA

ST

•
C

hoose
different

vacuum
states

→
T
rans-P

lanckian
effects

•
R

econstruction
of

the
inflationary

equation
of

state

•
B

ack
reaction

problem
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