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The Inflationary Perturbation Spectrum — Why the Early Universe Matters
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monopoles, cosmic strings, etc.?
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

The Very First Moment. ..

e Paradigm describing the very first moment: Inflation
e Predictions: spectrum of metric perturbations in scalar (density)
and tensor (gravitational waves) sector
e Both cause anisotropies in CMB temperature (linear growth of fluctuations)
e Density fluctuations cause large-scale structure (LSS) formation
(nonlinear growth of fluctuations)
e Aim: explain «iny ripples in CMBR across the sky and
LSS we see in the Universe today
e Measure power-spectrum on large scales (— small k) from CMB
e Measure power-spectrum on small scales (— large k) from LSS
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

We can probe power spectrum of fluctuations
over about 4 decades in length scale
and almost entire age of the Universe!

e Take power spectrum today — process via transfer function
— primordial spectrum
e Primordial spectrum — spectral index — k-dependence

— Information about inflation
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Angular Power Spectrum
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Polarization Power Spectrum - Presence and Future
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Large Scale Structure Surveys

Effective sizes of z-surveys
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Directions of
survey strips
with respect to
the Galaxy
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The Sloan Digital Sky Survey

Survey
(Geometry:

Northern
Survey:

6,600 sq. deg
around

North Galactic
Cap

Southern
SUrvey:

3 slices:;
central slice
scanned
repeatedly to
go deeper and
find variable
objects
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Some Facts on SDSS

e Goal: 3-D map of the Universe over large volume

e Photometric Survey: ~ 10% 5-band CCD images
e Spectroscopic Survey: 10° galaxy and 10° QSO reshifts

e Start: April 2000, End: June 2005

e Status: Imaging: 65% complete
Spectroscopy: 43% complete
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Linear Matter Power Spectrum
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Linear Matter Power Spectrum for Different Cosmologies
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First Results from M(C?

E E : t0
30 . SR S B |

25

ACDM, z = 100

A

o Los Alamos

NATIONAL LABORATORY
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ACDM
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

More Concrete ...

e Power Spectrum: (0|a(n,x)u(n, x +1r)|[0) = [~ % dksmkr p (n, k)

o or Ps(k) = gz | e = 57 Pr(k) = %Eg_w
e Spectral Indices: ng = 1+ % np = %mﬂm@
T
e Ratio of the quadrupole moments: r = m|wj running of ng: %m_mw

e COBE: ng =124+0.3 BOOMERANG: ng = 0.937)
oPLANCK: Ang ~ 1%, Ar ~ 0.05 CMBPOL: Ang ~ 1%, Ar ~ 0.001
e Typical Inflation Ang ~ 5% (10 <1 < 1500), Ar < 0.001

e Simplified: P, o k" = np =ng — 1, r=7(1 — ng) 9

n.
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

The Background Equations

H? = 11342 + V(9)
H = —1¢?
d+3Hp+V'(¢) =0

Dynamical Equations for Perturbations

ul(n) + |k* — = | ur(n) =0
ve(n) + k2 = | ok(n) =0
with
. . . .
[z =2a*H* ? + wmw + MW@W - wmw + mg - W\va
a’/a = 2a*H? AH — wmwv
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Perturbations
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The Simplest Approximation

e Take limit & — oo = 4 (n) = /\wml%:

e Take limit k — 0 = w(n) = Ciz
e Match both solutions at k£n = 1, arbitrary point!
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

The Slow-Roll Improvement

/7

e Improve intermediate region by ”best-fit-powerlaw” = =~ = - An — Mv

e Match intermediate solution to exact solution
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e Control of approximation?
e Systematic improvement beyond leading order?
e Matching problem
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

The Perturbation Equations

u), + A\Aw — NW:V U
= uf () + |k = & (vE(n) = )] we(n) = 0

e F'ind approximation which allows time-dependent v

e Find systematically improvable approximation

e Use approximation with well-defined error bounds

e F'ind approximation valid over whole range of interest

e Normalize approximation by matching to k& — oo limit
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Asymptotics and
Special Functions

Frank W. J. Olver
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

The Uniform Approximation

oTo solve: d*w/dz?* — [u®f(x) + g(z)]w =0
eForm of approximation depends on # and nature of transition points
(= zeros or turning points x( and singularities) of f(x)
e Singularity leads to WKB-like solution
e In case of interest u?f(x) + g(x) — k% — [v*(n) — 1/4]/n?

= turning point and singularity

dx
= 2¢3/2 = [T U2 (t)dt for @ > 3, 3(—C)32 = [ [ f(t)]Y/2dt for x < xg

3 o

= d*W/d¢? = [u*¢ + ¥ (Q)]W
with ¢ (¢) = H%nm + [ 4f (@) f"(2) = 5% (2)] S%Aav T m%%vv

e Essence of aproximate procedure: in first order disregard /(()

1o\ 2 L\ —L/2
e Introduce new variables ¢ and W: ¢ Aﬂv = f(x), w = A%v 4%

— Solution can be written in Ai- and Bi-functions
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

LE
e Solution: wy (u,x) = Axm@v ﬁwwgw\wmv + €1(u, &;

wolu,) = (£22) 7 [Ai(u2/50) + ealu, )
where |e; (u, )| < E(u/3¢)M(u2/3¢) /) T% AQ{EQ - L
&2 (u, )| < B (w23 M (u2/3¢) /2 [exp { 2zelED L 1]

. 2 5| £11/2
Error-Control-Function: H(z) = %Mo T\_wi M&.m A_,\_wkv - _,:m\w - H_M__m_w % dx

E. M, )\ auxiliary functions of Ai- and Bi-functions
Case of pure singularity
(2) = f~Y @) exp { [ f1/2(x)dx} {1 + €1 ()}
wa(x) = E (z)exp {— [ f1%(x)dz} {1 + e2(2)}
with |e;(z)] < @%A Vaj.z( vw -1 (j=12)

WA&V — % TSH\» Mmm xm\» — gﬁ\wg dx
IMPORTANT: In order for V(F') to converge

e Solution: w(x

at an endpoint singularity we have to choose g(z) = — =
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Outline

e Pick \Amﬁv — \MAJV — tdmsv | \Awu .QA%V — QWAJV — |%g u=1

e Calculate the unnormalized solution for u; on the left
and right of the turning point

e Take the limit —kn — oo and normalize u;. to desired vacuum state

m\iai

V2k

Notice: Usually one picks Bunch-Davies vacuum u; —
but one could pick also other vacuum states
= Trans-Planckian Effects
e Take limit £ — 07, regime of interest for power spectrum
Recover WKB-form of solution
e Calculate power spectra and spectral indices
e Calculate error bounds
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

e From fg(n) = :Mmi — k? find turning point at k% = vZ /n?

e F'ind solution on the left and the right of turning point

e Unnormalized solution Qﬁbvgv = H\ﬁi :mAstk Aih2) [C<(n)]

k< <
> > >

i /
with (< (n) = {=3 [ an/ [ 55)] 2}

e General solution . = \%Emc + m:\mwv

e Fix A and B ensuring that u;(n) = (1/v/2k)e """ in the limit & — oo

= A= /7/2, B=—i\/m/2

e For power spectrum: k7 — 07 limit, simplifies u; (7)) a lot

kn—0~— .
o up(n) =" i\ /=t @%A dn'y/ \mgvv
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Results

e Power-Spectrum:

k21 - n

=2 200 vs () <P Aw ns A1/ ?Aiv
e Spectral indices:

ng(k) = 1+ dln Ps(k) _

Ps(k) = (k?/272)|~

tmgmvw Q\|:\
Tk — 2T 2750 Jas Vs’
_ dln Pr(k) vy (r)k dn’
nr(k) = S =3+ 2950 [ il

7: calculated at turning point
e To obtain local expression for ng, ny: further approximation
e Integrand has square-root singularity at 77, vanishes linearly at upper limit 7,

= Dominant contribution from 77 = Taylor expansion of v°(7) around 7

ng(k) = 4 — 2uvg(is) T (1-1 %i
(k) =8 =2 1= (1= 5) Sy
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The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Comparison with Slow-Roll

o Hsﬁoacoﬂos of slow-roll parameters:

_ _H s—__0 _ (¢=9)
— H?2» Am%vg @HHQ MM H

= 2 =20°H? (1+e— 35— Led + 302+ 1&), 27 =2a2H? (1 - L¢)

e Expand vg, vr, nvg, Ny in slow-roll parameters
= ng(k) ZHI%mo+w%o+wA|IﬁvmouolwA|lﬁvmwlwAml wvmﬁ
nr(k) ~ —2ey — 2 A| — ﬂv €§ + 2 A| — ﬁv €000
e Standard slow-roll expressions:
= ng(k) =~ 1—4e+ 26 + (6 + 10C)ed — 8(C + 1)e? — 2C&
nr(k) ~ —2¢ —2(3+20)e* +4(1+C)ed C=-2+1n2+~vy~—0.73
e Notice: slow-parameters are calculated at different points (— E. Stewart)
e Our results correspond to a resummation of the slow-roll expansion
to all orders!

A

o Los Alamos

NATIONAL LABORATORY



The Inflationary Perturbation Spectrum — Why the Early Universe Matters

Example: v=Constant

e v—=const. includes different inflationary models,
e.g. power-law inflation, inflation near the maximum

e Advantage: exact results are available

2
e Power-Spectrum: P&* = 5225 302 (vg)k?(—kn) 2 ™! Amv

ng =4 —2vg, npr=3—2vr
e Uniform approximation:
2v—2 2
waQAV _ wﬂw QIMTTMN\IH va A|\Aivwlwt\aw AH + % ﬂwwtw + .. v
o 2
PL(k) = 22 i 2 =20 201 Ahv (—kn) =272

s Q\ﬁw
MMT|M

2
P2(k) = 222 =2y 201 Ahv (— k)1 =2V )2 T.T 1 v

T Q\@w @Tm

Spectral indices exact already in leading order!

e Error bounds: |e; 5| < /\MA 1L 1.04 v

6rs ﬂwtw

e Slow-roll approximation gives only expanded version of spectral indices
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Power Spectrum for Power-Law Inflation

e Expansion parameter evolves like a(t) ~ ¥ = vg = 3 4 HF

2 —p
Slow-roll expansion: expansion in € = 0 = w
4 2
P3f(k) = 55 T —2(c+1)5 + (2 +2c = 5+ wvﬁ

= Slow-roll good for large p, here p = 2

0.0L. T % T % T % T %
— Exact Solution
—— Uniform Approximation, 1. Order
0.03 = — — Uniform Approximation, 2. Order B
—— Slow-Roll Approximation, 1. Order
- — Slow-Roll Approximation, 2. Order 4
= L
5 0.02
0.01
0 | | | |
5 6 7 8 9 10
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WORKING !
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Example in Progress

e Chaotic Inflation, V(¢) = m?¢*

e Important for power spectrum: R(t) = uy(t)/z(1)

6e-42
2e-42 |
e
—-2e-42
Uniform Approximation
—— Exact Solution
-6e—-42 : : ,
320 340

300
Physical Time t
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Conclusion and Outlook

e New approximation for calculating power spectra and spectral indices
e Controlled error bounds

e Systematically improvable

e Generalize error formulae for v # const.
e Investigate second order
e Approximation for background equations

e Numerical examples

e Develop code to generate ng(k), nr(k) for arbitrary model — CMBFAST
e Choose different vacuum states — Trans-Planckian effects
e Reconstruction of the inflationary equation of state
e Back reaction problem
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