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== UCSD

MULTISCALE PROBLEM:

m P~ MU E ~ mu? v <1

For a Coulomb system: v ~ a (ignore Aqgcp)

GOAL:

1. Separate scales using an effective field theory

2. Sum large logarithms using the

renormalization group

1., F E
lng, —In—, In— —Inv—>Ina
m 2 m P

3. Determine scale for as:

as(m), as(mo), s (mo?)
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= UCSD

QCD

tt production near threshold; Y

Large ratio of scales for tt:

m muv mv2 v

175 GeV 30 GeV 5 GeV 0.14

as Inv not small, resumming logarithms is important

QED

aln a small, BUT the experiments have high precision

H Lamb shift (25-2P)
1057.845(9) MHz

H hyperfine splitting
1420.405 751 766 7(9) MHz

Muonium HFS
4 463.302 88(16) MHz

mea’ ~ 4 x10'° MHz
meatln®a ~ 743 KHz
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= UCSD

In QED:

1. Find a universal description of In o terms.
A single RG equation gives the Lamb shift,
hyperfine splitting and decay widths for
Hydrogen, Muonium, and o,p-Positronium

DO

. Understand the structure of the series and

why they terminate
e L.O series: o°In o

e NLO series: alna, a”In’ a, o8 In® «

. 9 \N
3. some oo series: o2 1n o (a3 In a) .

In QCD:

1. Sort out scale for oy

2. RG improve the QCD potentials for bound
states
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What is the problem?

Hydrogen:
2
mao 1
En — — 2 2 9 p Y mOé, T ~ R
n mo
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UCsD

Degrees of Freedom
(Beneke, Smirnov)

Hard

E~p~m
integrate these out

E o : 5

running of Vogulomb

(Griesshammer)

Ultrasoft

ra

f 3
""A’...‘ 2
.

%
E ~ p ~ mv?

must multipole expand

(Labelle; Grinstein, Rothstein)

Potential . P

E ~ mv?, <

p ~ mu

|
X

(Pineda, Soto)
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== UCSD

Effective Field Theory

Expansion in F/m, p/m does not work.

An expansion in v. (Count « as order v).
To have a consistent power counting, one finds

(at scale m):

e Non-relativistic fermions with propagator

1
E —p?/2m

(fermions don’t move in the static limit)

e Ultrasoft photons coupled via p — eA
interactions and multipole expanded
(Labelle; Grinstein, Rothstein)

e Non-local potentials Veg(p, p’)
e Soft photons (Griesshammer)

e Static theory not the v — 0 limit or m — oo

limit
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== UCSD

Velocity Renormalization Group

(Luke, Rothstein, A.M.; Stewart, A.M.)

N\ | e
4
/( X o I YmE
Hs
““.%{_'.l y, ln —_—
® 228}
/

Two-stage running:

e Integrate ug, uy from m — muo
e Integrate out soft modes
o Integrate py from mv — mo?

One-stage running:

o Set g = mv, puy = mv? and integrate from
v=1torv=nw.
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(Stewart, A.M.; Soto, Stewart, A.M.)

1S
one-stage
/ t
< (mv, mu
(mv?,m)

(m,m)

wo-stage

KU

e Two methods give different answers,

V x~v#0.

e One-stage VRG agrees with explicit QED

calculations at o’ In® a and a81n° o

e Generic result for correlated scales: mv and

mv? not independent.

RUN IN VELOCITY, NOT MOMENTUM
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4

Define Ys = FATYT lrii,us’ YU = FATT. lnd,uU
In pig
vs + 2vu
/75 + YU
<
Tu In puy
Two-stage One-stage

Ys +Yu m — mu

, vs +2vv 1 —w
YU mv — mu

(vs +vv) Inv + vy Inw (vs + 2vu) Inv

Single-log terms agree. BUT ~ not constants, and

depend on couplings, v(V'), and V can run.

So one gets:

Vs (7U)21n2 v vs(2y0)In? v
vs ()" In? v vs(270)°In’ v
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= UCSD

RUNNING POTENTIAL

V(p,p) =VED 4+ v O 4y 4 v@ 4

U
—-1) c
(=D = 5
Us
v = —ZF
k|

U-(p°+p?) iUx-(p' xp)
2k?2 k2
3k - (o] k- 09
)

VD = U, + U, 8% +

‘|‘Ut<0'1 09 —

VO ~1/m, V) ~ 1/m?
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Potentials for &t
(Stewart, A.M.)

Vf»s) Vz(s) Vés) V/(\S) vt(s)
v=1 —1.81 0 0.60 0.15 2.71
v=wv | —149 0.63 0.53 0.16 3.11

V2(1)(1/) - & as(mv)as(m)In <@)

3 m

327 CH as(mu)
B 350 as(mu?)

as(m)ln [

B 2CFr s

U

61:1

1 1
+ a2Cr (gCF -+ §C’A) ln% + non-log

(Czarnecki, Melnikov; Beneke, Signer, Smirnov)

;;;;; 7~ 2 #
\"*«%\ :‘ ; ,-f'\"'- “ «;,\ 4 {1 A \
N X \
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A

1 . _
Cy(v)
0.95 -
09 -
oss. | NNLO i
| Lo | |
0 0.2 0.4 0.6 0.8 1
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A

QED

order | F
(0) o’ 2 2 4
|4 K] Q Q Q
2
4% s 07‘75’2 QU a? | ot
2

k

V(2 ozml3 | 202 N N
2

17482 —07‘7};4 av’ at | af

T (Vm)V(b)) ~ 1/ (a+b)

1. Sum Coulomb potential to all orders
2. VOO ot -5 abin E
VOYyM a3y — ab in E

VAOYyM) a2 5 o in E

3. To order o in energy, need only

<V<0> n V(1>>
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= UCSD

Define LO and NLO anomalous dimensions
relative to the leading term.

Lo, YNLO are order o, o for V(1)

1.0, INLo are order o, a* for V(O

Since V'’s are of different orders, LO/NLO not
related to the number of loops.

Yo : o (1+Ozlna+a2ln2a+oz3ln3a+...)
YNLO ota (1—|—ozlnoz—|—a2ln2a—|—oz3ln3a—1—...)
YNNLO - ato? (1—|—ozlna—|—a2ln2oz—|—oz3ln3oz—|—...)

YNNLO the same order as o for V(23),

So one can compute

APlna oflna o lnda

oflna a’'ln’a o8lnda

using Yo, ynro for V(1)
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= UCSD

K2 K’
2 12 ; /
1) _ 2 r(P”+p7)  Ux-(p' XPp)
v =U, + U, 8% + e - =
3k-o1k o
+Ut<0'1 o2 — k12 2),

Coulomb potential does not run in QED

At LO,
dU

vk — x C4 in QCD
dv
dU 2 1 Z\?2 147202

V—2 — = + — Uec + - — fYOUc
dv 3r \my  mo 3mims
dU 2 [ 1 7\ 2

P R + =) Up+nU, + U2
dv 3m \mi1  me
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== UCSD
Particles (—e,m1) and (Ze, mo)

20 (1 n Z -I—Z2
0T a3y m2  4dmims M3

o 1s a constant in QED, since « does not run

Integrate:
UQ(V) = Ug(l) —|— ’)’0Uc lnl/

Only a single term, so the LO series terminates

No terms in a* (aln«a)™ series except for n = 1.
Power counting guarantees nothing left out at
arbitrarily high orders.

AE = (Uy)
— WOUCIHV|¢(O)|2

8Z4a®m3 1 Z 7?2
— amR( , + + )ana,

2
3mn3 m3  dmimg M3

H—(Bethe 1947)

[1(0)|* = nS state
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== UCSD
NLO
dU,
V4 Tl
dUz4 s
v 2t — Pccc US + Pcc2 Uc2 (U2+s + Ur)
dv INLO

3
‘|‘pc22 Uc <U22_|_3 + 2U2—I—3Ur + ZUE - 9Ut282)

+Pck UcUg + Pk2 Uk (U2+s + U’r’/2)
Z3a®

3
mi1mo

1
+p03 U. <U3 + U3SS2 + iUrk) + Ps

where Usys = Uz + U,S? and Pc22 = —m2R/47r2.
Can integrate RHS using LO values for Us;.
Only terms which run at LO are Uz and Us.

/const = Inv
/lny —

1
2
/ln21/ — %ln?’z/

NLO series terminates after 3 terms

6 7.2 81.3
a Ina, a' In” a, a In” «

Aneesh V. Manohar 19



= UCSD
o omh 1 i ’ - om
Pece = 7 Gan? m;  ms )’ Pe22 = " yn2’
3
B mp 1 1 B 2Mmpg
Pcc2 — 87'('2 (m;f + mg) ’ Pec3 = 7'('2 9
2
_ mpg 1 1 B 2Mmp
Pck = 271'2 (m? + mg) ’ Pk2 = 7_‘_2 .

Aneesh V. Manohar 20



== UCSD
In® o
| U3(1) 1n
g Yo Pc22 Ue ( ) n v,
Lamb shift for the nS state (no HFS, I')
64m%a8 2% [ 1 Z 72\’
AE = R In®(Z
27m2n3 (m% T 4mqms i m3 n'(Za)
_ 3mea’lCo (positronium)
- 8m2n3 p
(8 KHz for Hydrogen 2P—2S)
Karshenboim 1993 a3 = —8/27
Malampalli and Sapirstein PRL 1998 ag3 = —0.652
Goidenko et al. PRL 1999 ag3 = —0.296
Yerokhin hep-ph/0001327 agz = —0.652
i D N / 2
o =~ O [ X
iEE X
.
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= UCSD
In® o
Y0 Pc22 Ucz(l) [Ug(l) -+ Us(l)SQ} ln2 V...
HFS: — 6425 mppps [ 1 + d + z In®(Zo)
' Imimamnd  |m?  dmims M3 ’
TMme - 9
Ps HF'S 3 z o' In"a,
™
AT 3
F_O = Y0 Pc22 Uc(1)2 ln2 V = —%a:s 1Il2Oé,

Lamb Shift needs 1, 2
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A

U2—i—s [pCQQUc (U2—|—s + 2Ur> + pCCQUCQ + ,OQkUk} Inv+...

AT 2 78
F_O — (?—;RGUQ—FS — 2) Inv = (T — 2> o’ In o,

AT 2 AT
(_> — a_lna, (—) — —20° In o,
PO ortho 3 FO para

HF'S and Lamb Shift depend on 3 and p,
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A

Infinite Series

2 1 Z
V(V—Zoz)—exp[a< +

3T

mi ma

Za 3 1 Z\ "
ViZa) = _TErf[ \/8aln[1/(Za)] <m1+m2)

o®InZa(a®In Za)™/2, n > 0.

aU
Vd—2 = YoUe + pe22U.Us .
v

1)+\/f70/‘:0c22| tanh [\/ '70|:0c22| Uc(l) In V}
1+\/‘pc22‘/70U2 tanh [\/ 70|:0c22 U ln V}

UQ(I/) —

o Ina(o® In® a)™.
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A

Conclusions

(-

. Systematic way to separate scales in
non-relativistic bound states

DO

. All large logs summed using the velocity RG

e

. Universal description of QED logs.

. [ ~ = 9 ~ Q
Checks: a’Ina, a®lna, o’ In“ o, a®In° o

4. QCD: can distinguish a(mv) and a(mv?).
Both can appear in the same equation

5. VRG: apply to other problems with
correlated scales
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